Stochastic thermodynamics provides a useful set of tools to analyze and constrain the behavior of far from equilibrium systems. In this paper, we report an application of ideas from stochastic thermodynamics to the problem of membrane growth. Non-equilibrium forcing of the membrane can cause it to buckle and undergo a morphological transformation. We show how ideas from stochastic thermodynamics, in particular a recent application to self-assembly, can be used to phenomenologically describe and constrain morphological changes excited during a non-equilibrium growth process.
Unlike the behavior and characteristics of equilibrium systems, where no energy is dissipated, general principles governing fluctuations about a steady state or the steady state itself in far-from-equilibrium conditions are just being discovered. In particular, the field of stochastic thermodynamics has provided a promising framework to study non-equilibrium systems in mesoscopic scale [18] . The ideas of stochastic thermodynamics have been productively used to elucidate tradeoffs between energy consumption and organization in biochemical reaction networks [7] [8] [9] , self-propelled or driven colloids [19] [20] [21] , and molecular motors [22, 23] . Previously, we have also shown how stochastic thermodynamics can be used to derive general design principles for self-assembly [24] .
In this letter, we use the framework of stochastic thermodynamics to investigate non-equilibrium growth and morphological changes in a model elastic membrane [25] [26] [27] [28] [29] . Our model consists of two-dimensional particles connected by elastic springs in a ring geometry (Fig 1) . The interactions between particles are chosen such that the fluctuations of the ring at equilibrium can be described by specifying a surface or a line tension and a bending When the assembly grows slowly, its shape remains circular (top figure). As the assembly grows faster, it shape becomes more distorted (lower left) and ultimately it buckles into a star-shaped morphology (lower right).
rigidity. The ring assembly is allowed to exchange particles with a reservoir. The chemical potential of the reservoir controls the growth rate of the ring assembly and sets the non-equilibrium driving force in this system. Despite its apparent simplicity, this elastic model possesses many features [26] [27] [28] [29] [30] [31] characteristic of threedimensional membranes and can be used to obtain insights into how morphological changes in such systems can be excited under a non-equilibrium driving force. Indeed, as we describe below, our numerical analysis shows that the effective surface tension and bending rigidity of the elastic ring get modified under non-equilibrium growth conditions. Further, beyond a critical chemical potential driving force, the effective surface tension of the elastic ring is renormalized to zero and the elastic ring exhibits a buckling instability and undergoes a nonarXiv:1803.04368v1 [cond-mat.soft] 12 Mar 2018 equilibrium morphological transformation (Fig 1) . Such instabilities have been observed in experiments investigating the growth of model lipid membranes [28] .
Using ideas from stochastic thermodynamics, we provide a phenomenological thermodynamic prescription for how the surface tension and bending rigidity are modified by the non-equilibrium forces (Eqs. 7 and 8). The phenomenological thermodynamic prescription only requires information about the magnitude of the non-equilibrium chemical potential driving force, the equilibrium surface tension and bending rigidity, the average rate of growth, and fluctuations in the average rate of growth. This thermodynamic prescription was first developed by us in [24] in the context of different self-assembly problems and is otherwise insensitive to any of the kinetic details used in the growth process. This phenomenological thermodynamic theory provides bounds on the energetic requirements to induce morphological transformations such as the above described non-equilibrium buckling transition (Fig. 6 ). We now describe the specifics of the elastic model, phenomenology observed in the non-equilibrium growth process, and how an application of ideas from stochastic thermodynamics can explain this phenomenology.
Our specific model consists of particles in a ring like geometry interacting according to the following Hamiltonian,
where l is the distance between neighboring particles, l 0 is the equilibrium distance and θ is the angle that neighboring particles make. The growth dynamics were simulated using the following rules. Particles are added to the elastic ring with the probability min{1, e (−∆E+µ)/kBT } while attempts to remove particles
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• δμ≃0 Fitting these curves to Eq. 3 allows to obtain estimates of γ eff and κ eff as described in the text. This analysis reveals that γ eff decreases with increasing δµ. The data here is for ks = 4 and k θ = 6.
from the assembly are accepted according to the probability min{1, e (−∆E−µ)/kBT }. Here, µ is a chemical potential and k B T sets an energy scale.
The rate of growth of the elastic assembly can be tuned by varying µ. Specifically, for values of µ above a coexistence value µ eq , the elastic ring polymer starts to grow. When δµ/k B T ≡ (µ − µ eq )/k B T is small, the elastic assembly grows slowly and roughly retains its circular shape. With increasing δµ/k B T , the elastic assembly will grow faster; its shape becomes more distorted and ultimately buckles resulting in spikes growing out of the circle as shown in Fig. 1 .
To study these morphological changes, we examine how the fluctuations of the elastic ring polymer are modified as a function of its growth rate. Specifically, we measure fluctuations inĥ(x n ) where x n ≡ n l , n labels the particles in the elastic ring andĥ(x n ) denotes the deviation of the distance of a particle from the center of the assembly from the average radius of the elastic assembly,ĥ(x n ) ≡ h(x n ) − h . The ensemble over which the fluctuations are measured was constructed by initiating simulations with a certain initial elastic assembly nucleus with size N 0 and allowing the nucleus to grow for a time t measure . In order to ensure that our results are not affected by choices of N 0 and t measure , simulations with multiple values of N 0 and t measure were considered. In ensembles constructed in this manner, we measured |δh(q)| 2 where δh(q) is the Fourier transform of the radial fluctuations defined with the convention:ĥ(
Here N is the number of particles in the elastic assembly.
At or close to equilibrium, δµ/k B T 1, the radial fluctuations in our elastic ring can be characterized by an effective surface tension γ and a bending rigidity κ. Indeed in Fig. 2 , we show that |δh(q)| 2 scales likes q
in the low frequency regime and scales like q −4 in the high frequency regime. This suggests that at equilibrium, the fluctuations of the elastic ring can be effectively described using the Helfrich Hamiltonian [30] :
Even as the assembly starts to grow, Fig. 3 shows that the radial fluctuations are still described by an effective Helfrich Hamiltonian with renormalized surface tension and bending rigidities γ eff and κ eff . Indeed, Fig. 3 shows that the average |δh(q)| 2 is well described by
in accordance with Eq. 2. Closer inspection of the effective surface tension and bending rigidity extracted from Fig. 3 shows that the effective surface tension,γ eff decreases as δµ is increased, dropping to γ eff ≈ 0 at a critical value of δµ = δµ c (Fig. 4) . Beyond this point, the elastic assembly buckles and undergoes a morphological transformation to ring populated by spikes. The number of spikes appearing in a process is proportional to the initial size of the assembly and δµ (see Fig. 4 ) and remains constant during the growing period. Reflecting the diminished effective surface tension cost under non-equilibrium conditions, the configurations with spikes allow the system to grow with minimal penalties for stretching. The bending rigidity is also renormalized but by a smaller amount relative to the renormalization in the surface tension (Fig. SI 3) . We again note that we performed numerical simulations with multiple initial sizes N 0 and multiple choices of t measure . The values of δµ, γ eff . κ eff , δµ c were independent of N 0 and t measure in our numerical simulations. We now use ideas from stochastic thermodynamics to understand the trade-offs between non-equilibrium driving (as characterized by δµ) and morphological changes in the structure of this elastic ring system (as characterized by the renormalized constants γ eff and κ eff ). We begin by noting that our numerical results suggest that the even when the elastic ring is not at equilibrium, its fluctuations can be described in terms of an effective energy landscape, Eq. 3. In this case, the entropy of the growing elastic system at a time t can effectively be written down as [24, 32] 
where E eff is the effective elastic energy of a configuration in terms of the renormalized material parameters γ eff and κ eff , F eff is the Helmholtz free energy appropriate to E eff , ... N is the average of all microscopic configurations of the assembly at size N 1 and N t is the average size of the elastic ring after it has been allowed to grow for a time t. Since d N t /dt > 0 under non-equilibrium conditions δµ > 0, the entropy of the system changes as a function of time.
We can similarly compute the change in the entropy of the bath as it supplies monomers to the elastic assembly and maintains constant chemical potential conditions. Specifically, in the limit that the bath size is much larger than the size of any elastic assembly, the change in entropy of the bath after a time t, ∆S bath , can be written as :
By combining Eq. 4 and Eq. 5, we can write down the total entropy of the process, which must be nonnegative according to the second law of thermodynamics [32] :
dt is positive thus reducing the second law to:
In addition, using the recently derived uncertainty relations that relate the entropy production to the current fluctuations of the system [9, 24, 33] , we can propose a tighter phenomenological bound:
where
is the growth rate of the assembly, and
is the diffusion constant of the size fluctuations of the assembly.
• vs. δµ. In this case, kBT is set to 1. The dark line is predicted from linear response Eq. 9.
We note that the thermodynamic uncertainty relations have formally been derived for Markov processes on finite graphs while our system has no size constraints. Given that our numerical results suggest that the system settles into a steady state with system size independent elastic constants, we anticipate that there exists an effective Markov network with time independent rates that can mimic the time independent steady state behavior observed in our system. In the SI, we construct one such effective finite Markov state network. These numerical and phenomenological considerations allow us to propose the bounds in Eq. 7 and Eq. 8. These bounds constrain the allowed values of γ eff and κ eff given δµ, the equilibrium elastic constants γ eq , κ eq and the ratio vk B T /D.
In the limit of slow growth where the effective elastic constants are minimally renormalized, δµ , Eq. 8 reduces to the following statement of linear response,
In Fig. 5 we numerically verify that our simulations indeed satisfy this linear response condition, Eq. 9 when δµ/k B T 1. Further, Fig. 5 also shows that δµ ≥ vk B T /D in agreement with Eq. 8.
Motivated by these numerical results and the mapping constructed in the SI, we will now use Eq. 8 to understand how γ eff can be controlled by tuning δµ. As first approximation, given the relatively slow renormalization of the bending rigidity (Fig SI 3) , we will set κ eff = κ eq . Within this approximation, an expression for diss can be obtained as:
Here φ = arctan
, and λ is the smallest wavelength al- . Thermodynamic bounds on the surface tension as a function of the non-equilibrium driving force δµ. The bound stipulated by the blue curve is from Eq. 7. The bound stipulated by the orange curve is from Eq. 8. The green curve is obtained by measuring γ eff from simulations and is consistent with the bounds specified by Eq. 7 and Eq. 8. These bounds provide rough estimates for the energetic costs required to modify the morphology and fluctuations in the elastic membrane.
lowed by the assembly which we will take to be l 0 . Using this expression for diss , Eq. 7 and Eq. 8 can be used to predict how γ eff depends on the non-equilibrium driving δµ. These predictions are plotted in Fig. 6 alongside the scaling of γ eff with δµ extracted from simulations. The blue curve is obtained from the bound in Eq. (7), while the orange curve is from Eq. (8). The green curve was obtained from the simulations. As expected from linear response theory, the bound in Eq. 8 agrees very well with simulation results close to equilibrium. Away from equilibrium, Eq. 8 indeed provides a lower bound for δµ. As we approach the instability γ eff ≈ 0, the predictive nature of the bound worsens and becomes saturated at the instability. We anticipate that a combination of finite size effects and large fluctuations close to the instability lead to the bound for γ eff becoming unreliable closer to the instability. Despite these shortcomings, Fig. 6 shows how ideas from stochastic thermodynamics can be used to predict how material properties such as the surface tension, can be modified in the presence of non-equilibrium forces. It also provides a thermodynamic lower bound for the minimum non-equilibrium driving force δµ required to obtain γ eff ∼ 0 and induce morphological transformations in the system.
The role played by non-equilibrium forces in biological processes such as those responsible for modulating cell shapes and dynamics is well established [10] [11] [12] [13] 16] . Using the formalism of stochastic thermodynamics, we have phenomenologically probed the tradeoffs between energy consumption and organization in a nonequilibrium growth process. Given the minimal kinetic detail required by our effectively thermodynamic bounds, we anticipate that our results will find broad applicability in studies of the above mentioned non-equilibrium biophysical processes.
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